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We develop the formalism for determining the quasinormal modes of general relativistic multi-
fluid compact stars in such a way that the impact of superfluid gap data can be assessed. Our
results represent the first attempt to study true multi-layer dynamics, an important step towards
considering realistic superfluid/superconducting compact stars. We combine a relativistic model
for entrainment with model equations of state that explicity incorporate the symmetry energy. Our
analysis emphasises the many different parameters that are required for this kind of modelling, and
the fact that standard tabulated equations of state are grossly incomplete in this respect. To make
progress, future equations of state need to provide the energy density as a function of the various
nucleon number densities, the temperature (i.e. entropy), and the entrainment among the various
components.
PACS numbers: 97.60.Jd,26.20.+c,47.75.+f,95.30.Sf
I. INTRODUCTION
The fluid approximation [1] is a necessity for modeling systems containing so many elementary constituents that
(on a macroscopic scale) they form a continuum, and can redistribute energy and momentum among themselves. The
model is based on the notion of fluid element, which is small enough to be infinitesimal with respect to the system
en masse, but large enough to contain, say, an Avogadro’s number worth of particles. In a superfluid system one
must consider different, dynamically decoupled, yet co-existing fluids. Each individual fluid has its own collection
of fluid elements and each spacetime point in the system will have as many fluid element worldlines passing through
it as there are independent fluids. The extent to which different fluids are coupled depends largely on the available
dissipation mechanisms, eg. friction due to interparticle scattering. In a multi-fluid system this is a complex problem
[2]. Generally, the system dissipation depends on how energy and momentum are exchanged as the fluid elements
expand and contract, how they slide across each other, how they rotate about each other, and how they flow through
each other.
Neutron stars are believed to be prime examples of general relativistic, multi-fluid objects. To date, on the order of
a couple of thousand pulsars have been observed [3]. Yet, an extrapolation of the local population data for our galaxy
suggests the existence of about 1.6×105 normal pulsars, around 4×104 millisecond pulsars, and about 2×108 neutron
stars that are no longer active pulsars. Most of these should be extremely cold in the sense that their temperature is
several orders of magnitude less than the Fermi temperatures of the independent (massive) particle species, i.e. 1012 K.
In fact, neutron stars cool to temperatures below 109 K relatively soon after birth. This is the expected transition
temperature [4–6] for neutrons and protons to become superfluid and superconducting, respectively. We therefore
anticipate that most neutron stars in our galaxy have at least two superfluids/superconductors in their cores. In fact,
neutron superfluidity is a key ingredient in most models of large pulsar glitches [7, 8], with (catastrophic) transfer of
angular momentum via vortices from a superfluid component to the crust leading to the observed spin-up.
Ever since neutron star superfluidity was first suggested [9], we have seen a concerted effort aimed at developing
our understanding of the various phases of matter [4, 5, 10–12]. This has led to a picture where a typical neutron
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2star has a number of distinct “layers”. From the outer to the inner crust, protons are locked inside increasingly
neutron-rich nuclei which are embedded in a degenerate normal fluid of electrons. At the base of the crust, the nuclei
are believed to assume exotic “pasta” shapes [13]. Moreover, in the crust region the long-range, attractive component
of the nuclear force should lead to Cooper pairing of neutrons in 1S0 states. The crust nuclei will thus be embedded
in and penetrated by superfluid neutrons. Short-range repulsion in the nuclear force and the spin-orbit interaction
allow neutrons to pair as 3P2 states in the more dense regions of the outer core [14]. There are no nuclei in this
region and the protons that remain are dilute enough to feel only the long-range attractive part of the nuclear force.
Hence, they are expected to pair in 1S0 states. The core neutrons and protons are embedded in a highly degenerate
normal fluid of electrons. At high enough density it becomes energetically favorable for more massive particles to form
(eg. muons in lieu of electrons). At the most extreme densities, quarks may become deconfined, possibly opening up a
number of channels for attractive interactions and hence many Cooper pairing possibilities (e.g. so-called CFL matter
[15, 16]). Each individual Cooper pairing will lead to individual condensates, and potentially many inter-penetrating
fluids. The actual number of dynamically distinct fluids depends very much on the details of dissipation [2, 17]. The
scattering time-scale must typically be much greater than the characteristic dynamical time-scales in order for fluid
components to decouple.
A moderately realistic neutron star model must account for the presence of different regions in the star. Describing
a neutron star as a multi-layer system, one should at the very least account for the presence of the (multi-fluid)
superfluid/superconducting regions and the elastic crust component. Even though there has been progress in this area,
we are still not at this level of sophistication. The current state-of-the-art is represented by [18], where quasinormal
modes for a core-envelope model are calculated, and a recent study of axial crust oscillations in the relativistic Cowling
approximation [19]. The aim of the present work is to improve on the first aspect of the modeling. We will include,
for the first time, the physics of the superfluid phase transition in the construction of the spherically symmetric and
static background model. The motivation for this is that the different regions of superfluidity may not overlap [6],
and the fluid dynamics will change depending on whether a given layer is normal or superfluid. This represents
an important improvement on previous models, since it allows us to quantify how changes in the superfluid energy
gap affect the quasinormal-mode spectrum. We leave inclusion of the crust elasticity for future studies. A fully
relativistic formalism for a crust penetrated by a superfluid has been developed, see eg. [20], but it is yet to be applied
to neutron star dynamics.
In a mixture of the superfluids He3 and He4, it is known that a momentum induced in one of the constituents will
cause some of the mass of the other to be carried along, or entrained [21, 22]. Another example is the entropy (which
can be considered as a massless fluid). In fact, in superfluid He4 the so-called “normal” fluid density is directly
proportional to the entrainment between the atoms and the entropy. In a neutron star, the strong interaction leads
to entrainment between neutrons and protons. Entrainment is a multi-fluid effect, that has no counterpart in a
single-fluid system. When the neutrons start to flow they will, through entrainment, induce a momentum in the
protons and subsequently the electrons [23]. In principle, there could be entrainment between each and every fluid of
a multi-fluid system. In this analysis we will only consider the entrainment between neutrons and protons, for which
we use the fully relativistic mean field model developed by Comer and Joynt [24].
The outline of this paper is as follows: In Sec. II we give details on the two-fluid formalism, and the set of equations
used to model the quasinormal modes. Sec. III discusses an expansion for the local matter content that is adapted to
include entrainment at the appropriate order. Sec. IV gives the specifics on the local matter content, i.e. the equation
of state, the gap data, and the relativistic entrainment. The following Sec. V provides the results of our analysis of
modes for two equations of state, with or without entrainment, and different “temperatures” of the star. Sec. VI
gives some concluding remarks and discusses to what extent the extant literature and computational infrastructure for
compact object equations of state are adequate for supporting our kind of analysis. Finally, the Appendix describes
the technique used to obtain the results in Sec. V. We use “MTW” conventions throughout.
II. GENERAL RELATIVISTIC TWO-FLUID FORMALISM
A. The full formalism
We will use the formalism developed by Carter, Langlois, and their various collaborators [25–34] (see Andersson and
Comer [1] for a recent review). The fundamental fluid variables consist of the conserved nucleon density four-currents,
to be denoted nµx where x = {n, p} is a so-called constituent index (which is not summed over when repeated). From
the currents can be formed three scalars: n2n = −gµνn
µ
nn
ν
n, n
2
p = −gµνn
µ
pn
ν
p, and n
2
np = −gµνn
µ
nn
ν
p. Given a master
function −Λ(n2n, n
2
p, n
2
np) (the two-fluid analog of the equation of state), the stress-energy tensor is
T µν = Ψδ
µ
ν + n
µ
nµ
n
ν + n
µ
pµ
p
ν , (1)
3where
Ψ = Λ− nρnµ
n
ρ − n
ρ
pµ
p
ρ (2)
is the generalized pressure and
µxν = gµν
(
Bxnνx +A
xynνy
)
, (3)
is the chemical potential covector. It is also the momentum canonically conjugate to the current nµx . Formally, the
Axy and Bx coefficients are obtained from the master function via the partial derivatives
Axy = Ayx = −
∂Λ
∂n2xy
, Bx = −2
∂Λ
∂n2x
. (4)
The fact that the momentum µxµ is not simply proportional to the corresponding number density current n
µ
x is a result
of entrainment. It vanishes if the Axy coefficient is zero.
Finally, the equations for the neutrons and protons each consist of a conservation equation
∇µn
µ
x = 0 , (5)
and an Euler equation
nµxω
x
µν = 0 , (6)
where the vorticity two-form is defined by
ωxµν = 2∇[µµ
x
ν] . (7)
The square brackets indicate antisymmetrization of the enclosed indices. Comer [33] and Prix et al [35] discuss in some
detail why the assumption of separate conservation laws for the two fluids should be reasonable for slow rotation and
quasinormal-mode calculations (excluding the thin transition layers that separate single fluid and multi-fluid layers).
Note that the above way of writing the Euler equations makes manifest its geometric meaning as an integrability
condition for the vorticity, a point that has been much emphasized by Carter [25] (see also [1]).
B. Equilibrium models
In order to determine the background fluid configuration we need to evaluate the associated metric. We take our
equilibrium configurations to be static and spherically symmetric. The metric can thus be written in the Schwarzschild
form
ds2 = −eνdt2 + eλdr2 + r2
(
dθ2 + sin2θdφ2
)
. (8)
The required metric coefficients are determined from two components of the Einstein equations, which can be written
λ′ =
1− eλ
r
− 8πreλΛ , ν′ = −
1− eλ
r
+ 8πreλΨ . (9)
A prime represents a radial derivative, and it is to be understood that Λ = Λ(n2n, n
2
p) and Ψ = Ψ(n
2
n, n
2
p) in the
two-fluid layers and Λ = Λ(n2) and Ψ = Ψ(n2), where n = nn + np is the total baryon number density, in the
single-fluid layers.
The equation that determines the radial profile of nx(r) in the superfluid layer is [30]
Bx00n
′
x +A
xy0
0n
′
y +
1
2
µxν′ = 0 , (10)
where
Axy00 = A
xy + 2
∂Bx
∂n2y
nxny + 2
∂Axy
∂n2x
n2x + 2
∂Axy
∂n2y
n2y +
∂Axy
∂n2xy
nynx , (11)
4Bx00 = B
x + 2
∂Bx
∂n2x
n2x + 4
∂Axy
∂n2x
nxny +
∂Axy
∂n2xy
n2y , (12)
and µx = µx0 is the background chemical potential. In evaluating these coefficients, one sets n
2
np = nnnp after the
partial derivatives are taken.
In the single-fluid layers the only matter equation concerns the nucleon radial profile n(r):
B00n
′ +
1
2
µν′ = 0 , (13)
where now
B = −2
∂Λ
∂n2
≡
µ
n
, B00 = B + 2n
2 ∂B
∂n2
. (14)
There are several sets of “boundary” conditions that must be dealt with: at the center, at interfaces, and at the
surface of the star. In view of Eq. (9), requiring a non-singular behavior at the center of the star will impose that
λ(0) = 0, and consequently λ′(0) and ν′(0) must also vanish. This in turn implies, in view of Eq. (10), that n′x(0)
has to vanish as well. At the surface, we will only consider configurations that satisfy n(R) = 0. A smooth joining
of the interior spacetime to a Schwarzschild vacuum exterior at the surface of the star implies that the total mass M
of the system is given by
M = −4π
∫ R
0
r2 Λ(r)dr (15)
and that Ψ(R) = 0. The metric must be continuous across the interfaces, but the matter behaviour is a bit more
complicated [18]. We will discuss this in detail in Sec. II D.
C. The linearized field equations
It is well-known that all non-trivial fluid pulsation modes of a nonrotating fluid star correspond to polar pertur-
bations (often referred to as “even parity”). In the so-called Regge-Wheeler gauge [36], the corresponding metric
components are
δgµν = −e
iωt


eνrlH0(r) iωr
l+1H1(r) 0 0
iωrl+1H1(r) e
λrlH0(r) 0 0
0 0 rl+2K(r) 0
0 0 0 rl+2sin2θK(r)

Pl(θ) . (16)
where Pl(θ) are the Legendre polynomials. This decomposition will be applied to each layer of the star.
The linearization of the fluid equations follows from the basic relation
δµxµ = (B
x
µν +A
xx
µν) δn
ν
x + (X
xy
µν +A
xy
µν) δn
ν
y+
1
2
gτν
(
δσµµ
x
ν + [B
x
µν +A
xx
µν ]n
σ
x + [X
xy
µν +A
xy
µν ]n
σ
y
)
δgστ , (17)
where
Bxµν = B
xgµν − 2
∂Bx
∂n2x
gµσgνρn
σ
xn
ρ
x , (18)
X xyµν = −2
∂Bx
∂n2y
gµσgνρn
σ
xn
ρ
y , (19)
Axxµν = −gµσgνρ
(
∂Bx
∂n2xy
[
nρxn
σ
y + n
σ
xn
ρ
y
]
+
∂Axy
∂n2xy
nσyn
ρ
y
)
, (20)
Axyµν = A
xygµν − gµσgνρ
(
∂Bx
∂n2xy
nσxn
ρ
x +
∂By
∂n2xy
nσyn
ρ
y +
∂Axy
∂n2xy
nσyn
ρ
x
)
. (21)
These terms account for effects due to a single constituent’s bulk (Bx), the presence of multiple constituents (X xy),
and entrainment (Axy). This decomposition of the coefficients into these separate classes was first made by Andersson
5and Comer [1]. Their relation to the coefficients mentioned earlier (which have been used in different applications
[18, 30, 32]) are
Axy00 = g
00 (X xy00 +A
xy
00) , (22)
Bx00 = g
00 (Bx00 +A
xx
00) . (23)
Writing the nucleon four-current as nµx = nxu
µ
x , where gµνu
µ
xu
ν
x = −1, one finds that the velocity perturbation in
the two-fluid layer is
δuix = e
−ν/2 ∂
∂t
δξix , (24)
where the displacement vector δξix has components
δξrx = e
−λ/2rl−1Wx(r)Ple
iωt , δξθx = −r
l−2Vx(r)
∂
∂θ
Ple
iωt . (25)
The Lagrangian variation for each nucleon number density can be written as
∆nx = δnx + n
′
xe
−λ/2rl−1Wx , (26)
and the conservation equation Eq. (5) for each particle number current yields
∆nx
nx
= −rl
(
e−λ/2
[
l + 1
r2
Wx +
1
r
W ′x
]
+
l(l + 1)
r2
Vx −
1
2
H0 −K
)
. (27)
Thus, all matter variables can be expressed in terms of the velocity variables Wx and Vx. In a single fluid layer, we
would have as the only independent matter variables the two velocity components W and V .
The set of perturbation equations that we solve for in the superfluid layer have already been listed in [30], but
since our multi-fluid and multi-layer problem requires a slightly different method of solution we repeat the relevant
equations here. First we define for each species (in analogy with Lindblom and Detweiler’s [37, 38] approach to the
one-fluid problem) the new variable
Xx ≡ nx
[
eν/2
2
µxH0 + e
−ν/2ω2 (BxnxVx +A
xynyVy)
]
−e(ν−λ)/2
n′x
r
(
Bx00nxWx +A
xy0
0nyWy
)
. (28)
Then we find that the Einstein and superfluid field equations yield an algebraic constraint equation
eλ
[
2− l − l2
r2
−
3
r2
(
1− e−λ
)
− 8πΨ
]
H0 +
[
2ω2
eν
−
l(l+ 1)
2
eλ
(
1− e−λ
r2
+ 8πΨ
)]
H1
+
[
−2eλ−νω2 + eλ
l2 + l − 2
r2
+ e2λ
(
1− e−λ
r2
+ 8πΨ
)(
1−
3
2
(
1− e−λ
)
− 4πr2Ψ
)]
K
+16πeλ−ν/2 (Xn +Xp) = 0 , (29)
and a system of coupled ordinary differential equations [where we use the definition D00 = B
n0
0B
p0
0 − (A
np0
0)
2]:
H1
′ =
eλ
r
H0 +
(
λ′ − ν′
2
−
l + 1
r
)
H1 +
eλ
r
K − 16π
eλ
r
(µnnnVn + µ
pnpVp) , (30)
K ′ =
H0
r
+
l(l + 1)
2r
H1 +
(
ν′
2
−
l + 1
r
)
K − 8π
eλ/2
r
(µnnnWn + µ
pnpWp) , (31)
Wx
′ =
eλ/2r
2
H0 + e
λ/2rK − eλ/2
l(l+ 1)
r
Vx −
(
l + 1
r
+
n′x
nx
)
Wx
+
By00
n2xD
0
0
[
e(λ−ν)/2rXx + n
′
x
(
Bx00nxWx +A
xy0
0nyWy
)]
6−
Axy00
nxnyD00
[
e(λ−ν)/2rXy + n
′
y
(
Axy00nxWx +B
y0
0nyWy
)]
, (32)
Xx
′ = −
l
r
Xx +
eν/2
2
[
µxnx
(
1
r
− ν′
)
− n′x
(
Bx00nx +A
xy0
0ny
)]
H0
+µxnx
[
eν/2
4
l(l+ 1)
r
+
ω2
2
re−ν/2
]
H1
+eν/2
[
µxnx
(
ν′
4
−
1
2r
)
−
(
Bx00nx +A
xy0
0ny
)
n′x
]
K
+
l(l+ 1)
r2
eν/2n′x
(
Bx00nxVx +A
xy0
0nyVy
)
− e(λ−ν)/2
ω2
r
nx (B
xnxWx +A
xynyWy)
−4πe(λ+ν)/2
µxnx
r
(µxnxWx + µ
ynyWy) + e
−(λ−ν)/2
[
−
n′x
r
(
Bx00
′nxWx
+Axy00
′nyWy
)
+
(
2n′x
r2
+
λ′ − ν′
2r
n′x −
n′′x
r
)(
Bx00nxWx +A
xy0
0nyWy
)]
. (33)
In the one-fluid case, the constraint equation becomes
eλ
[
2− l − l2
r2
−
3
r2
(
1− e−λ
)
− 8πΨ
]
H0 +
[
2ω2
eν
−
l(l + 1)
2
eλ
(
1− e−λ
r2
+ 8πΨ
)]
H1
+
{
−2eλ−νω2 + eλ
l2 + l − 2
r2
+ e2λ
[
1− e−λ
r2
+ 8πΨ
] [
1−
3
2
(
1− e−λ
)
− 4πr2Ψ
]}
K
+16πeλ−ν/2X = 0 , (34)
and the other two equations for the metric are
H1
′ =
eλ
r
H0 +
[
λ′ − ν′
2
−
l + 1
r
]
H1 +
eλ
r
K − 16π
eλ
r
µnV ,
K ′ =
H0
r
+
l(l+ 1)
2r
H1 +
[
ν′
2
−
l+ 1
r
]
K − 8π
eλ/2
r
µnW . (35)
The final two fluid equations are
W ′ =
eλ/2r
2
H0 + e
λ/2rK − eλ/2
l(l + 1)
r
V −
l + 1
r
W +
e(λ−ν)/2r
n2B00
X ,
X ′ = −
l
r
X +
eν/2
2
[
nµ
(
1
r
− ν′
)
− n′B00n
]
H0 + µn
[
eν/2
4
l(l+ 1)
r
+
ω2
2
re−ν/2
]
H1
+eν/2
[
µn
(
ν′
4
−
1
2r
)
− B00nn
′
]
K +
l(l+ 1)
r2
eν/2n′B00nV
−e(λ−ν)/2
ω2
r
Bn2W − 4πe(λ+ν)/2
(µn)2
r
W
+e−(λ−ν)/2
[
−
n′
r
B00
′nW +
(
2p′
r2
+
λ′ − ν′
2r
n′ −
n′′
r
)
B00nW
]
, (36)
where
X = n
[
eν/2
2
µH0 + e
−ν/2ω2 (BnV )
]
− e(ν−λ)/2
n′
r
(
B00nW
)
. (37)
Outside the star, the problem is reduced to solving the so-called Zerilli equation. We refer the reader to [30] for
details on how to match the interior and exterior solutions.
D. Interface Layer Junction Conditions
At the center of the star, the boundary conditions are those given in Appendix A of Comer et al [30], i.e. all
functions are regular. At the surface, the conditions are the one-fluid conditions used by Detweiler and Lindblom
7[37, 38]. The main difference here concerns the interfaces between the single-fluid and two-fluid layers. The detailed
treatment of an interface was discussed by Andersson et al [18]. They found that the relativistic junction conditions
imply that the three metric perturbations H0, H1 and K must be continuous at each interface.
To make progress we also need to specify the behaviour of the superfluid neutron velocity, in practice Wn, at each
interface. A truly realistic model would require a detailed analysis of the phase-transition from the single fluid regime
to the two-fluid domain. The physics of chemical equilibrium is more complicated than that of strict particle number
density current conservation. Hence the interface behaviour is likely to be complex, with finite temperature effects
playing a crucial role. To see that this must be the case is easy.
The superfluid energy gap ∆ varies with the density, cf. Fig. 1, and for any given temperature T one would expect
the transition to superfluidity to take place when kBT ≈ ∆. In a region of “strong superfluidity”, where kBT ≪ ∆,
one can safely ignore finite temperature effects. However, as one approaches the phase transition (at points where
kBT → ∆) excitations will play an increasing role. In fact, they dictate how the two distinct fluid degrees of freedom
couple as one transits into the single-fluid regime. This transition problem has not yet been investigated in detail.
Hence, we must make simplifications in order to proceed.
One can think of two natural limits. In the first, the particle reactions that drive the system towards chemical
equilibrium are slow compared to the mode oscillation in the transition region, leading to a situation where a “su-
perfluid” fluid element can temporarily move into the single fluid region without losing its identity. In that case,
Wn would be freely specificable at the interface. In the opposite limit, when reactions are faster than the timescale
of oscillation, a fluid element that moves across the interface would immediately lose its identity. This would lock
the velocities at the interface, and as a result Wn would be linked to the single-fluid velocity W . In our numerical
calculations we assume that it is this latter scenario that applies. This is in contrast with [18], where it was assumed
that reactions are slow.
III. ANALYTIC EXPANSION FOR THE LOCAL MATTER CONTENT
The perturbation equations require as input information about the bulk, multi-constituent, and entrainment effects.
This necessarily leads to a number of coefficients to be determined. Admittedly, for those not familiar with the multi-
fluid formalism (some of) these coefficients may seem somewhat obscure. In particular, since most of them tend to be
ignored in discussions of the supranuclear equation of state. However, for our present purposes, the study of neutron
star quasinormal modes, we can simplify the problem. To do this we consider an expansion of the master function
that accounts for the fact that our background configuration is static and spherically symmetric. Alternatively, the
expansion can be interpreted as one where the fluid velocities are small compared to the speed of light [18, 24]. For
mode oscillations, this is a reasonable assumption. It is also expected to be accurate for slow-rotation models, see
[32].
Consider, for example, a term like ∂Axy/∂n2np. In principle, it implies that we need to expand the master function
to O(n4np). On the scale of a fluid element spacetime can be taken to be that of Minkowski. The n
2
np term can then
be written as
n2np = nnnp
(
1− ~vn · ~vp/c
2√
1− (vn/c)2
√
1− (vp/c)2
)
, (38)
where ~vn and ~vp are, respectively, the neutron and proton three-velocities in the local Minkowski frame. When the
individual three-velocities ~vn,p satisfy vn,p/c≪ 1, then n
2
np = nnnp up to first-order in the ratio vx/c.
With this as our guide we write the master function in the form [18, 24]
Λ(n2n, n
2
p, n
2
np) =
∞∑
i=0
λi(n
2
n, n
2
p)
(
n2np − nnnp
)i
. (39)
The bulk, multi-constituent, and entrainment coefficients thus become
Anp = −λ1 −
∞∑
i=2
i λi
(
n2np − nnnp
)i−1
, (40)
Bx = −
1
nx
∂λ0
∂nx
−
ny
nx
Axy −
1
nx
∞∑
i=1
∂λi
∂nx
(
n2np − nnnp
)i
, (41)
8Axy00 = −
∂2λ0
∂nx∂ny
−
∞∑
i=1
∂2λi
∂nx∂ny
(
n2np − nnnp
)i
, (42)
Bx00 = −
∂2λ0
∂n2x
−
∞∑
i=1
∂2λi
∂n2x
(
n2np − nnnp
)i
, (43)
∂Axy
∂nx
= −
∂λ1
∂nx
−
∞∑
i=2
i
(
∂λi
∂nx
[
n2np − nnnp
]
− [i− 1]nyλi
)(
n2np − nnnp
)i−2
, (44)
∂Axy
∂n2np
= −2λ2 −
∞∑
i=3
i (i− 1)λi
(
n2np − nnnp
)i−2
. (45)
The Axy and Bx coefficients on the background are
Axy = −λ1 , B
x = −
1
nx
∂λ0
∂nx
+
ny
nx
λ1 . (46)
This implies for the background chemical potentials that
µx = −
∂λ0
∂nx
. (47)
In the single-fluid case, −λ0 is the energy density, and so the chemical potential above is equal to that of the single-fluid
result. We now see that the other coefficients simplify to
Axy00 =
∂µx
∂ny
=
∂µy
∂nx
, Bx00 =
∂µx
∂nx
. (48)
To gain a little further insight, a local, plane wave analysis [1] indicates that the sound speeds (plural, because
there are two) are the solutions to
(
Bnc2s − B
n0
0
) (
Bpc2s − B
p0
0
)
+
(
Anpc2s −A
np0
0
)2
= 0 . (49)
We see that in addition to the expected bulk contribution to the sound speed (through Bx and Bx00) we have also
entrainment entering via Anp and the “symmetry energy” through Anp00. These effects at the local level have global
consequences. For example, Andersson et al [18] have shown that entrainment has an impact on the oscillation mode
spectrum by introducing so-called “avoided crossings” between the ordinary and superfluid modes as the entrainment is
varied. Prix et al [35] have demonstrated that the symmetry energy leaves its imprint on slowly rotating configurations
when the neutrons and protons are not co-rotating.
Another dramatic effect of the entrainment is that it may facilitate a two-stream instability [39, 40]. In principle,
such instabilities may operate in any system with two inter-penetrating components moving at different speeds. The
key requirement for the instability to act is that the the two fluids are coupled, and entrainment can facilitate this
coupling. The superfluid two-stream instability is being considered as a possible trigger for glitches and appears to
be consistent with seven years of glitch data from the fastest known young pulsar J0537 [41].
IV. EQUATION OF STATE INPUT
A. Master Function Modulo Entrainment
In our numerical calculations we will compare two relatively simple parametrisations for the equation of state.
Nothing prevents us from considering other perhaps more realistic models, including tabulated equation of state data,
but at this point we are more concerned with the technical developments than with the actual numerical results. As
we will discuss below, see Sec. VI, a fully consistent model requires information that is not yet available. Until this
changes, this kind of analysis must be viewed as somewhat qualitative.
We consider two models for λ0: i) a simple “TOY” model that is a sum of polytropes for the neutrons and protons,
a symmetry energy term, and a final term that accounts for a relativistic gas of electrons, and ii) the more realistic,
so-called “PAL” equation of state [42].
9Model T (MeV) n(0) (fm−3) M (M⊙) R (km)
TOY — 1.0 1.635 10.655
0.45 1.0 1.745 10.641
PAL 0.5 1.0 1.751 10.661
0.55 1.0 1.759 10.684
TABLE I: The “canonical” background stellar models for the TOY and PAL equations of state for the parameter values
discussed in the main text.
Specifically, the TOY model in the one-fluid and two-fluid layers takes the form
λ0/m = − (nn + np)− σb (nn + np)
βb − S0 (nn + np) (1− 2xp)
2
− σen
βe
p , (50)
where we have chosen the parameters σb = 0.2, σe = 0.5, βb = 2.5, βe = 2.0, S0 = 0.05, m is the baryon mass,
and xp = np/n is the proton fraction. As shown in Table I, this combination leads to a neutron star model with
reasonable mass and radius.
The particular PAL master function for both layers is [40]
λ0/m = −n0u
[
1 + E0(u) + S(u) (1− 2xp)
2
]
− λe/m , (51)
where
mE0(u) = A0u
2/3 +B0u+ C0u
σ + 3
2∑
i=1
Ciα
−3
i
[
αiu
1/3 − tan−1
(
αiu
1/3
)]
,
mS(u) = As
(
u2/3 − u
)
+ S0u ,
λe =
me
τ3e
χ(χFe ) ,
χ(x) =
1
8π2
{
x
(
1 + x2
)1/2 (
1 + 2x2
)
− ln
[
x+
(
1 + x2
)1/2]}
,
χFe = 1836
[
3π2
(
~
m
)3]1/3
n1/3p , τe = ~/me , (52)
with u = n/n0 (n0 = 0.16 fm
−3), σ = 0.927, A0 = 22.11 MeV, B0 = 220.47 MeV, C0 = −213.41 MeV, C1 =
−83.84 MeV, C2 = 23.0 MeV, α1 = 2/3, α2 = 1/3, As = 12.99 MeV, and S0 = 30 MeV. Again, the values for mass
and radius obtained for these parameter values are reasonable, see Table I.
The electron contribution λe is vital for ensuring chemical equilibrium of the system. Even though the electron
mass me is much smaller than the nucleon mass (me = m/1836), the fact that the electrons are ultra-relativistic gives
them enough energy to affect the chemical potential at the same level as the nucleons. Because of overall charge
neutrality we set ne = np, and recall that the electrons and the protons flow together. Note also that, even though the
imposition of chemical equilibrium will effectively make the single-fluid and two-fluid equations of state the same on
the background, we have to distinguish them because of the Bx, Bx00, etc. coefficients, for which the partial derivatives
must be computed before chemical equilibrium is imposed.
B. Gap Model
BCS theory is the basic paradigm for Fermionic superfluidity. Given a many-particle system with an attractive
component in the interactions, the theory tells us that Cooper pairs will form, leading to a fundamental modification
of the energy states near the Fermi surface, namely the formation of a gap in the energy spectrum. It is the existence
of this gap that leads to superfluidity and in the present context multi-fluid dynamics. Even if particles try to scatter
dissipatively, there are essentially no accessible states for them to scatter into unless there is enough energy to break
a Cooper pair. When pair-breaking occurs the particles can reach the states above the gap, and energy can be
irreversibly dissipated. Those particles in energy states “below” the Fermi surface are in this sense also “superfluid”
since they cannot enter already filled states. So, for example, when neutrons are superfluid, ordinary scattering that
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would cause (on average) neutrons and protons to flow as a single fluid is severely diminished. It is thus clear that
neutron star dynamics on a macroscopic scale is dictated by the gap structure on the microscopic scale.
There has been much work analyzing the details of the gap structure in dense, nucleonic matter trying to account
for different interactions, medium effects etcetera (see [5] for a review of gaps in general and [6] for an application
to neutron stars). If even our rudimentary understanding of the strong force is correct for the densities expected in
neutron stars there is little doubt that neutron and proton gaps exist. But given the complexities of the problem there
is no exact agreement on the details; particularly on the density dependence of the gap. This affects the maximum
gap energy, the gap profile as a function of density, and the size of regions in which gaps exist. However, it is generally
accepted that neutron superfluidity and proton superconductivity will not extend throughout the star. Consequently,
there should be layers having ordinary, single-fluid dynamics as well as ones where the multi-fluid description applies.
This implies that most, if not all, previous mode calculations and modeling of rotational equilibria that assume
superfluidity throughout the star are incomplete (see [1, 33] for reviews).
As a first step towards improving the situation we will consider models that account for the detailed energy gap and
its dependence on, in particular, the density. For practical reasons, we will use the parametrized model of [43–46]
as adapted by Andersson et al [6]. This model has a number of “free” parameters, that can be used, for instance,
to adjust the maximum gap energy ∆0 and the gap profile (as a function of density). In this phenomenological
description, the gap energy ∆(kF ) (where kF is the wave-number at the Fermi surface) takes the form
∆(kF ) = ∆0
(kF − k1)
2
(kF − k1)
2
+ k2
(kF − k3)
2
(kF − k3)
2
+ k4
. (53)
Note that density dependence enters implicitly through the wave-number kF . Andersson et al [6] provide a table of
parameter values representative of the various gap calculations in the extant literature. For our numerical calculations
we focus on gap model “h” given in their Table 1.
Once an equilibrium configuration is built, and density is known as a function of radius, we can use the gap energy
to determine which layers of the equilibrium configuration are ordinary or superfluid. This requires an assumption
of the temperature profile in the star. In principle, our calculations assume that the fluid is at zero temperature,
somewhat in the same spirit as mode-damping calculations due to shear and/or bulk viscosity [47]. We certainly
do not have a consistent temperature description. However, for our present purposes, this is not a major problem.
The gap information that we use is phenomenological so it should be acceptable to account for the temperature in an
approximate way as well. In view of this, we simply assume that the fluid is isothermal (and do not account for the
gravitational redshift).
It would certainly be possible to improve on this description and it will eventually be important to do so. However,
one would then like to account for all temperature effects, including quasiparticle excitations in the superfluid. This
is an interesting problem since it opens the door for studies of dissipative superfluid neutron stars, but we will not
discuss it further here.
Once we have chosen a core temperature we can work out if there are superfluid regions in the star. Varying the
temperature thus affects the size of the superfluid layer, but has only a small effect on global parameters like the mass
and radius, see Table I. We also adapt the number of independent fluids for the mode calculations accordingly. For
our canonical TOY and PAL neutron star models, the particle number density and gap energy as a function of radius
typically take the form shown in Fig. 1. As anticipated, there is a layering of regions having different fluid dynamics.
Wherever the gap energy ∆ is greater than the thermal energy kBT , the neutrons will be superfluid, and therefore
two-fluid dynamics will apply.
C. The σ - ω Relativistic Mean Field Model
The model to be used for entrainment has been obtained using a relativistic σ − ω mean field model of the type
described by Glendenning [11]. Whatever reservations one may have about mean-field equations of state, the great
advantage from our present perspective is that the entrainment can be quantified. The Lagrangian for this system is
given by
L = Lb + Lσ + Lω + Lint , (54)
where
Lb = ψ¯(iγµ∂
µ −m)ψ , (55)
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FIG. 1: Plot of the TOY model density profiles (vs radius) and gap function (vs the Fermi momentum) for the case kBT = 0.4
MeV. The dashed line is the superfluid neutron density, and in the same range the solid line is that of the protons. Otherwise,
the solid line represents the total baryon number density in the non-superfluid regions. If the gap energy is higher than the
thermal energy, the neutrons are taken to be superfluid.
Lσ = −
1
2
∂µσ∂
µσ −
1
2
m2σσ
2 , (56)
Lω = −
1
4
ωµνω
µν −
1
2
m2ωωµω
µ , (57)
Lint = gσσψ¯ψ − gωωµψ¯γ
µψ . (58)
Here m is the baryon mass, ψ is an 8-component spinor with the proton components as the top 4 and the neutron
components as the bottom 4, the γµ are the corresponding 8×8 block diagonal Dirac matrices, and ωµν = ∂µων−∂νωµ.
The coupled set of field equations obtained from this Lagrangian are to be solved in each fluid element.
The main approximations of the mean field approach are to assume that the nucleons can be represented as plane-
wave states and that all gradients of the σ and ωµ fields can be ignored. The coupling constants gσ and gω and field
masses mσ and mω are determined, for instance, from properties of nuclear matter at the nuclear saturation density.
Fortunately, in what follows, we only need to provide the ratios c2σ = (gσ/mσ)
2 and c2ω = (gω/mω)
2.
The main aim here is to produce a master function that incorporates the entrainment effect. Consider again fluid
elements somewhere in the neutron star. The fermionic nature of the nucleons means that they are to be placed into
the various energy levels (obtained from the mean field calculation) until their respective (local) Fermi spheres are
filled. The Fermi spheres are surfaces in momentum space. The entrainment is incorporated by displacing the center
of the proton Fermi sphere from that of the neutron Fermi sphere. The neutron sphere is centered on the origin, and
has a radius kn. Displaced an amount K from the origin is the center of the proton sphere, which has a radius kp.
The Fermi sphere radii and displacement (kn, kp,K) are functions of the local neutron and proton number densities
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σ = 12.684) using the same TOY model as in Fig. 1.
and the local, relative velocity of the protons, say, with respect to the neutrons.
Earlier we discussed the analytic expansion that applies to the master function, and determined that we need to
know the λ0 and λ1 coefficients. The mean field model yields [24]
λ1 = −c
2
ω −
c2ω
5µn2

2k2p
√
k2n +m∗
2√
k2p +m∗
2
+
c2ω
3π2

 k2nk3p√
k2n +m∗
2
+
k2pk
3
n√
k2p +m∗
2



−
3π2k2p
5µn2k3n
k2n +m∗
2√
k2p +m∗
2
, (59)
where the Dirac effective mass m∗ is the solution to the transcendental equation
m∗ = m−m∗
c2σ
2π2
[
kn
√
k2n +m∗
2 + kp
√
k2p +m∗
2−
1
2
m∗
2ln
(
kn +
√
k2n +m∗
2
−kn +
√
k2n +m∗
2
)
−
1
2
m∗
2ln

 kp +
√
k2p +m∗
2
−kp +
√
k2p +m∗
2



 , (60)
and each nucleon number density nx is related to its Fermi surface radius kx via
nx =
k3x
3π2
. (61)
Typical behaviour of the entrainment parameter εmom used in several studies, defined as
εmom =
m
nn
Anp
BnBp − (Anp)
2 , (62)
is shown in Fig. 2. We set c2ω = 7.148 and c
2
σ = 12.684 in what follows. These values are consistent with known
nuclear matter properties and generate reasonable neutron star models [11, 24].
V. NUMERICAL RESULTS
We consider three variations on the mode calculations: i) changing the master function, ii) including (or not)
entrainment, and iii) varying the temperature. As we have already discussed, the main effect of the latter is to alter
the size of the two-fluid layer. Since the parameter space is vast, and we are mainly interested in understanding
the qualitative effects, we restrict our discussion to a few “canonical” background models. These determine the
total mass M and radius R given a particular central baryon number density n(0) = nn(0) + np(0), obtained by first
specifying nn(0) and then finding np(0) through the condition of chemical equilibrium. Of course, as we vary the
temperature T of the star, the matter distribution is affected which, in principle, changes the values of M and R.
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FIG. 3: Plot of log10|Ain| ve Re(ωM) for the TOY model, using kBT = 0.38 MeV and εmom = 0 and εmom 6= 0.
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FIG. 4: Plot of log10|Ain| vs Re(ωM) for the TOY model, using kBT = {0.38, 0.4, 0.42} (MeV). Note the “gap” modes
(indicated by arrows) that shift as the temperature (i.e. the thickness of the two-fluid layer) is varied.
However, we find that these changes are negligible for the TOY model, and only slight for the PAL model (cf. Table I
and the disscusion in Sec. IVB).
A quasinormal mode corresponds to a purely outgoing (gravitational) wave solution to the perturbation equations.
The asymptotic amplitude for ingoing waves, Ain, can therefore be used to locate the modes. Figs. 3, 4, 5, and 6
show this amplitude versus frequency ωM for different models (see [30] for the definition of Ain). The real part of
the different quasinormal-mode frequencies can be approximated by the values that make Ain vanish (or log10|Ain|
tend to −∞). This technique does not provide the damping times of the modes due to gravitational-wave emission.
In practice, we can use the technique described by Andersson et al [18] to reliably determine the damping times. Our
present discussion will, however, focus on the oscillation frequencies. Figs. 7, 8, and 9 provide the radial profiles of
mode eigenfunctions for the first few frequencies.
Several features of the mode spectrum are important to note. As in previous studies [18, 30] of the general
relativistic two-fluid system, there are “more modes” than in the single-fluid case. This is expected since we have an
additional fluid degree of freedom (albeit localised to a distinct layer in the star). From Fig. 3 we see that entrainment
has a small effect on the first mode in the spectrum, the f-mode, but clearly affects the next, a “superfluid” mode,
frequency by shifting it from the value labelled u1 to that labelled v1. Such behaviour is consonant with the local
analysis of Andersson and Comer [48], who show that the additional, superfluid modes depend on entrainment, while
the fundamental f-mode does not.
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From Fig. 4 we see that as the size of the two-fluid layer is decreased most of the mode frequencies remain
largely unchanged. However, in this model there are clear “gap” modes (emphasised by the arrows) whose defining
characteristic is that the layer thickness (i.e. the size of the gap energy ∆ relative to the temperature kBT ) has
significant impact on the frequency. As might be expected the frequencies increase as the thickness decreases. This
is natural since the mode wavelengths must adjust to the size of the “container”.
For a semi-realistic determination of mode frequencies we consider Figs. 5 and 6 which show log10|Ain| vs ωM for
the PAL master function. Qualitatively, Fig. 5 shows that the effect of entrainment in the PAL model is the same as
for the TOY model. Perhaps more interesting is the observation that the layer thickness affects all modes in the PAL
model, cf. Fig. 6. However, the most pronounced change is that the second “gap” mode (indicated by the arrow on
the right of the figure) occurs earlier in the mode spectrum than in the case of the TOY model. Hence it seems clear
that the combined background master function and the gap data are to some extent distinguishable via the mode
spectrum.
As expected, the radial mode profiles have a richer structure than in the single-fluid case. There are also marked
differences with models where the two fluids extend throughout the core [18, 30]. In each of Figs. 7, 8, and 9, the solid
line represents the total baryon flow in the one-fluid regions. In each two-fluid region the dot-dashed line represents
the neutron flow, the dotted line represents the proton flow, and the dashed line represents the net baryon flow.
Note that the boundary conditions between the one- and two-fluid regions imply that the net baryon flow must be
continuous.
In Figs. 7 and 8 we see a characteristic feature of superfluid modes, the counter-motion between the neutrons and
protons. The final Fig. 9 illustrates the effect of entrainment. In the plot for the v3 mode we see the beginnings of
an “avoided” crossing. As first demonstrated by Andersson et al [18], when viewed as a function of the entrainment
two neighbouring mode frequencies sometimes come close to crossing but veer off before intersection happens. Past
this avoided crossing the two modes exchange character in the sense that a co-moving mode becomes counter-moving
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and vice versa.
VI. DISCUSSION: NEXT GENERATION EQUATIONS OF STATE
In this work we have extended the general relativistic two-fluid formalism used to model quasinormal-mode oscil-
lations in such a way that superfluid neutron gap data can be incorporated. The main point is that the presence
of a gap not only increases the number of fluid degrees of freedom locally; it also introduces a dynamical layering in
the sense that the number of fluid degrees of freedom can change depending on whether the thermal energy of the
star in a region is greater or less than the gap energy. It is clear that this structure will also be important for stellar
rotational equilibria (eg. as determined by a slow-rotation approximation).
In our models we analyzed the effects of different master functions, entrainment (obtained from a relativistic σ−ω
mean field model), symmetry energy, and the presence of a gap. We found that the effect of entrainment on the
mode spectrum is qualitatively consistent with earlier studies. On the other hand, the combined effects of the gap
and the master function have distinguishable effects on the mode spectrum. Basically, our results illustrate that any
“realistic” model for oscillating superfluid neutron stars must account not only for the “bulk” equation of state, one
must also incorporate the entrainment and the superfluid gap data in a consistent way. We have, of course, not
done this. At this point our models are more or less phenomenological. However, we have demonstrated that the
computational technology required for this kind of study is now in place. What is missing is the input microphysics.
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At the present time there is, as far as we are aware, no single equation of state calculation that provides all the
required parameters. This needs to change in the future. Furthermore, one must not forget the neutron star crust,
where the lattice of nuclei will have elastic properties. These also need to be determined consistently.
Let us discuss what (in our view) is required from the next generation equations of state if we want to model
mode oscillations of multi-fluid neutron stars. To some extent these demands should be relatively straightforward to
meet. Like most complex models, realistic equations of state are presented in tabular form. The question is what
to include in the table. For traditional reasons, the information usually given is the pressure as a function of density
and/or temperature. This would be adequate if one were only interested in solving for a background configuration
single-fluid star. The information is, however, not even complete for the oscillations of such models. In order to
model the so-called g-modes, which are sensitive to both temperature and composition gradients, one would need also
the various particle fractions. Moreover, the multi-fluid formalism presented here requires a number of additional
quantities.
In our experience, the two-fluid problem is most simply understood as having two independent thermodynamic
parameters, the two number densitites {nn, np}. We see from the background and perturbation equations in Section II
that we require the set of values {Λ,Ψ,Bx,Axy, ∂µx/∂ny,∆x}. Each variable is a function of {nn, np}, and hence
they will need to be given as two-dimensional arrays, the first index of each array standing for nn, say, and the second
for np. Of course, one usually assumes chemical equilibrium among the particle species on the background, which
implies, say, that np = np(nn). However, a number of the quantities that are needed for the perturbation analysis,
like the entrainment Axy, require information about the system away from equilibrium. If we let T represent the set
of thermodynamic variables, then a sample tabular equation of state could look something like that of Table II.
Can this information be provided within a single framework for determining the “equation of state”? We do not
see why it should not be possible. Some of the quantities we require are already calculated, they are simply not
presented in the final equation of state table. It should certainly be very easy to include the particle fraction in the
tabulated data, and we see no reason why the entrainment coefficients should not be straightforward to determine
as well. It is obviously the case that there is no universally agreed upon equation of state, or indeed method for its
determination. From our point of view this is less relevant. We expect to live with uncertainties. After all, we
do not have the luxury of having neutron stars readily available in the laboratory. The key point is that consistent
models require all parameters to be consistent with a given microphysics calculation. Hopefully, an improved dialogue
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nn,1 nn,2 . . . nn,N
np,1 T1,1 T2,1 . . . TN,1
np,2 T1,2 T2,2 . . . TN,2
..
.
..
.
..
.
..
.
..
.
np,N T1,N T2,N . . . TN,N
TABLE II: A schematic representation of a realistic, tabular equation of state that gives N ×N entries for the set of thermo-
dynamic variables T = {Λ,Ψ,Bx,Axy, ∂µx/∂ny,∆x}.
between neighbouring areas of research will allow us to make progress.
There are, of course, a number of related challenges. We have not yet satisfactorily answered the question of
the minimal number of independent fluid degrees of freedom required to model a compact star. Glitch data tells
us already that there are at least two. But what if we think about the deep core, quark deconfinement and CFL
matter [15, 16]? Do the various Cooper pairings between quarks indicate the presence of independent “fluids”? If
they do, then what physical mechanisms exist to excite the additional degrees of freedom, and what is their physical
interpretation? How can one hope to calculate the myriad of phases that could occur and then translate that into
numerical models of rotating and oscillating multi-fluid compact stars? These are challenging questions that require
further consideration.
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Appendix: Boundary conditions and numerical scheme
We have three different regions inside the star: (1) one-fluid core; (2) two-fluid superfluid region; and (3) one-fluid
envelope. In the one-fluid regions, n˜ is the baryon number density (with µ˜ being the chemical potential). In the
superfluid region, nn and np are the neutron and proton densities respectively (n˜ = nn + np). Note that, in this
Appendix, we use tildes to make a distinction between the variables in the single-fluid and the multi-flud regime. R1
and R2 denote the core-superfluid and superfluid-crust interfaces, respectively. We let R denote the star’s radius.
The one-fluid regions are governed by 4 ODEs for
Y˜ = {H˜1, K˜, W˜ , X˜} . (63)
The superfluid region is governed by 6 ODEs for
Y = {H1,K,Wn,Wp, Xn, Xp} . (64)
A. Boundary conditions
At r = 0, we have two conditions relating {H˜1(0), K˜(0), W˜ (0), X˜(0)} (cf Eqs. (A5)-(A6) of Comer et al [30], with
nn = 0, Wn(0) = 0, np → n˜, etc. in our current notation). Explicitly, we have
X˜(0) =
eν0/2
2
µ˜n˜K˜(0)−
(
eν0/2n˜2B˜00n˜+
ω2
l
e−ν0/2B˜n˜2
)
W˜ (0) (65)
and
H˜1(0) =
2
l + 1
K˜(0) +
16π
l(l+ 1)
µ˜n˜W˜ (0) . (66)
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At each of the interfaces (R1 and R2), we have the following 4 junction conditions according to (A16)-(A18) of
Andersson et al [18]:
H˜1(Rc) = H1(Rc) , (67)
K˜(Rc) = K(Rc) , (68)
µ˜(Rc)n˜(Rc)W˜ (Rc) = µn(Rc)nn(Rc)Wn(Rc) + µp(Rc)np(Rc)Wp(Rc) , (69)
X˜(Rc) = Xn(Rc) +Xp(Rc) , (70)
where we have assumed that Λ and Ψ are continuous across the interfaces.
We further impose that the two fluids move in lock-step at the interfaces. This effectively translates to the condition
Wn(Rc) =Wp(Rc) . (71)
In summary, Eqs. (67)-(71) are the required boundary conditions at the interfaces.
Finally, at the surface of the star r = R, we have the single condition
X˜(R) = 0 . (72)
B. Numerical scheme
At r = 0, we need only to specify {K˜(0), W˜ (0)}. The remaining variables {H˜1(0), X˜(0)} are determined by
Eqs. (65)-(66). All of the second derivatives H˜1
′′
(0), K˜ ′′(0), etc. are also determined. We choose two arbitrary
values of {K˜(0), W˜ (0)} and integrate the 4 ODEs from small r0 up to the core-superfluid interface r = R1. The
general solution in the core region is
Y˜(r) =
2∑
i=1
ciY˜i(r) , for 0 ≤ r ≤ R1 . (73)
Next we turn to the general solution in the superfluid region R1 ≤ r ≤ R2. At r = R1, the solution must satisfy
the condition (71). This means that we must generate 5 linearly independent solutions. This is obtained by choosing
five different sets of {H1(R1),K(R1),Wn(R1),Wp(R1), Xn(R1), Xp(R1)} (with Wn(R1) = Wp(R1)) and integrating
to r = R2. The general solution in this domain is
Y(r) =
7∑
i=3
ciYi(r) , for R1 ≤ r ≤ R2 . (74)
At the surface, our solution must satisfy X˜(R) = 0. Hence, we must generate 3 linearly independent solutions in
the crust (R2 ≤ r ≤ R). The general solution in this domain is
Y˜(r) =
10∑
i=8
ciY˜i(r) , for R2 ≤ r ≤ R . (75)
After fixing the overall normalization by choosing the value of one of the ci (says, c10), we have 9 remaining constants
ci (i = 1, .., 9) to be determined by the boundary conditions at R1 and R2.
First, at r = R1, we have 4 conditions Eqs. (67)-(70) to be satisfied. Note that the condition (71) has been used
to generate the general solution in the superfluid region. Explicitly, these conditions become
2∑
i=1
ciH˜1
(i)
|R1 =
7∑
i=3
ciH
(i)
1 |R1 , (76)
2∑
i=1
ciK˜
(i)|R1 =
7∑
i=3
ciK
(i)|R1 , (77)
2∑
i=1
ci
(
µ˜n˜W˜ (i)
)
|R1 =
7∑
i=3
ci
(
µnnnW
(i)
n + µpnpW
(i)
p
)
|R1 , (78)
2∑
i=1
ciX˜
(i)|R1 =
7∑
i=3
ci
(
X(i)n +X
(i)
p
)
|R1 , (79)
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where we have defined Yi = {H
(i)
1 ,K
(i),W
(i)
n ,W
(i)
p , X
(i)
n , X
(i)
p } and Y˜i = {H˜1
(i)
, K˜(i), W˜ (i), X˜(i)}.
Next, at r = R2, we have 5 conditions Eqs. (67)-(71):
7∑
i=3
ci
(
W (i)n −W
(i)
p
)
|R2 = 0 , (80)
7∑
i=3
ciH
(i)
1 |R2 =
10∑
i=8
ciH˜1
(i)
|R2 , (81)
7∑
i=3
ciK
(i)|R2 =
10∑
i=8
ciK˜
(i)|R2 , (82)
7∑
i=3
ci
(
µnW (i)n + µpnpW
(i)
p
)
|R2 =
10∑
i=8
ci
(
µ˜n˜W˜ (i)
)
|R2 , (83)
7∑
i=3
ci
(
X(i)n +X
(i)
p
)
|R2 =
10∑
i=8
ciX˜
(i)|R2 . (84)
The 9 equations Eqs. (76)-(84) can be used to determine the 9 constants ci (i = 1, .., 9). This completes the interior
problem.
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